In this paper, a strongly symmetric self-orthogonal diagonal Latin square of order n with a special property ( * SSSODLS(n)) is introduced. It is proved that a * SSSODLS(n) exists if and only if n ≡ 0 (mod 4) and n ̸ = 4. As an application, it is shown that there exists a Yang Hui type magic square YMS(n, 4) if and only if n ≡ 0 (mod 4) and n ̸ = 4.
Introduction
A Latin square of order n, denoted by LS(n), is an n × n array such that every row and every column is a permutation of an n-set S. A diagonal Latin square is a Latin square with the additional property that the main diagonal and back diagonal are both permutations of S. Two LS(n)s are called orthogonal if each symbol in the first square meets each symbol in the second square exactly once when they are superposed. A Latin square is called self-orthogonal if it is orthogonal to its transpose.
Usually, the (i, j) entry of a matrix A is denoted by a i,j .
Let I n = {0, 1, . . . , n − 1}. An LS(n)L over I n is called strongly symmetric if l i,j + l n−1−i,n−1−j = n − 1 for all i, j ∈ I n . A strongly symmetric self-orthogonal diagonal LS(n) is denoted by SSSODLS(n). As an example, an SSSODLS(4) is listed below. . Then we say that A is a * SSSODLS(n). By Lemma 1.1, there exists a * SSSODLS(n) only if n ≡ 0(mod 4). We shall show that this necessary condition is also sufficient. Specially, we shall prove the following.
Theorem 1.2.
There exists a * SSSODLS (n) if and only if n ≡ 0(mod 4) and n ̸ = 4. * SSSODLS(n)s can be used to construct Yang Hui type magic squares.
An n × n matrix A consisting of all given n 2 consecutive integers is a magic square of order n, denoted by MS(n), if the sum of elements in each row, each column, and each of two diagonals is the same.
The study of magic squares probably dates back to prehistoric times [3] . A lot of work had been done on magic squares [9, 6, [1] [2] [3] . Yang Hui [14] gave an MS(8) as follows. In this paper, we will investigate the existence of YMS(n, 4)s by making use of * SSSODLS(n)s and get the following. A construction of YMS(n, 4) based on * SSSODLS(n) is presented in Section 2, and some constructions of * SSSODLS(n)s are provided in Section 3. The proofs of Theorems 1.2 and 1.4 are both given in Section 4.
A construction of YMS(n, 4) based on * SSSODLS(n)
Let n be an even integer, denote
For a matrix A of order n, the sum Proof. Let A be a * SSSODLS(n), and let
Then C is an MS(n). We shall prove that C is also a YMS(n, 4), i.e., C satisfies the following. It suffices to prove that
By the definition of C , we havẽ
since A is strongly symmetric, we have the following
It remains to prove that
In fact,
By commutating i, j in the above two equalities, we get the following.
This completes the proof.
Constructions for * SSSODLS(n)s
In this section, we provide some constructions of * SSSODLS(n)s.
Construction 3.1. If there is a * SSSODLS (n), and an SSSODLS (m), then there is a * SSSODLS (mn).
Proof. Let U be a * SSSODLS(n), and let V be an SSSODLS(m). Let W be an mn × mn matrix given by
It is readily checked that W is an SSSODLS(mn). We shall show that W satisfies the condition ( * ), i.e.,
By the definition of W , we havē 
Since U is * SSSODLS(n), the following is clear. 
Since V is self-orthogonal, we have
Similarly, one can prove that
An m × n magic rectangle, denoted by MR(m, n), is an m × n matrix consisting of all the numbers of I mn such that the sum of the entries of each row is a constant and each column sum is also a constant (different if m ̸ = n). Harmuth [12, 13] proved that for m, n > 1, there exists an MR(m, n) if and only if m ≡ n(mod 2) and (m, n) ̸ = (2, 2). We shall now construct a * SSSODLS(4m) by using an SSSODLS(m) and an MR(2, 2m).
Construction 3.2. If there exists an SSSODLS (m), then there exists a * SSSODLS (4m).
Proof. Let U be the U 4 given in Section 1. Let V be an SSSODLS(m). A matrix W is given by
It is readily checked that W is an SSSODLS(4m).
Let H be an MR(2, 2m), and let L = (l j ), where
Clearly, A is also an SSSODLS(4m). We shall prove that A satisfies the condition ( * ), i.e., 
By the definition of U, we have {(u r,s , u s,r )|r, s ∈ I 2 } = {(0, 0), (1, 3) , (3, 1) , (2, 2)}, and
It is easy to see thatl j = −l 4m−1−j , j ∈ I 4m . By this we have
Consequently,
It is easy to show that
In the same way one can prove that
To illustrate the proof of Construction 3.2, we give an example as follows. 
One can check that A is a * SSSODLS(20).
Proofs of Theorems 1.2 and 1.4
In this section we shall give the proofs of Theorems 1.2 and 1.4.
Lemma 4.1. There is no * SSSODLS (4).
Proof. Suppose on the contrary that A is a * SSSODLS(4). Letā i,j = a i,j − 3 2 , and let e = 2ā 0,0 , f = 2ā 0,1 , g = 2ā 1,0 , h = 2ā 1,1 . Then e, f , g, h ∈ {−3, −1, 1, 3}. Clearly, e, f , h are pairwise distinct, g ̸ = e, g ̸ = h and e 
Lemma 4.2.
There exists a * SSSODLS (n) for each n ∈ {8, 12, 24}. 9  16  17  15  8  6  11  7  2  22  5  21  1  3  4  20  12  14  10  18  23  13  9  19  0  4  11  7  2  22  3  1  18  16  17  9  14  0  20  10  15  23  19  21  13  5  6  8  12  21  2  18  19  17  10  8  13  9  4  0  7  23  3  5  6  22  14  16  12  20  1  15  11  10  14  6  13  9  4  0  5  3  20  18  19  11  16  2  22  12  17  1  21  23  15  7  8  17  13  23  4  20  21  19  12  10  15  11  6  2  9  1  5  7  8  0  16  18  14  22  3  9  10  12  16  8  15  11  6  2  7  5  22  20  21  13  18  4  0  14  19  3  23  1  17  0  5  19  15  1  6  22  23  21  14  12  17  13  8  4  11  3  7  9  10  2  18  20  16  3  19  11  12  14  18  10  17  13  8  4  9  7  0  22  23  15  20  6  2  16  21  5 
Proof. Let
It is routine to check that A 12 and A 24 are * SSSODLSs. 
